Abstract. Let (R, m) be a local Cohen-Macaulay ring with m-adic completion R. A Gorenstein R-module is a non-zero finitely generated R-module whose m-adic completion is isomorphic to a direct sum of copies of the canonical module ω R . The rank of the Gorenstein module G is the positive integer r such that G ∼ = r · ω R (the direct sum of r copies of ω R ). In this note we show that for any given positive integer r there is a Cohen-Macaulay ring R with an indecomposable Gorenstein module G of rank r.
Throughout this paper (R, m) denotes a Cohen-Macaulay local Noetherian ring with madic completion R, and ω R denotes the canonical module of R. A Gorenstein R-module is a non-zero finitely generated R-module G such that G ∼ = r · ω R (the direct sum of r copies of ω R ) for some integer r (called the rank of G). Equivalently, [Sh3, (2.7) ], G is a maximal Cohen-Macaulay R-module with finite injective dimension. If R has a Gorenstein module, then R has, up to isomorphism, a unique indecomposable Gorenstein module G, and every Gorenstein module is isomorphic to a direct sum of copies of G. (See [FFGR, (4.6) ].) Gorenstein modules were introduced by Rodney Sharp [Sh1] , [Sh2] and studied extensively in [FFGR] . For many years it was unknown whether a Cohen-Macaulay ring having a Gorenstein module must also have a canonical module (i.e., a Gorenstein module of rank 1). This was settled in a 1988 paper [We1] by Weston, who produced a Cohen-Macaulay unique factorization domain having an indecomposable Gorenstein module of rank 2.
In this note we will show that there are Cohen-Macaulay unique factorization domains having indecomposable Gorenstein modules of arbitrary rank. (The first example of a Cohen-Macaulay, non-Gorenstein, unique factorization domain was given by Ogoma [O] .)
One of the interesting features of [FFGR] is the use of the Brauer group of R. It turns out that Λ := End R (G) is an Azumaya R-algebra if G is a Gorenstein R-module. The order of Λ in the Brauer group is always a divisor of the rank r, [KO, Ch. IV, (6.1)] , and if Λ is trivial in Br(R) then R has a canonical module. It follows that if G is an indecomposable Gorenstein module of prime rank p, then the endomorphism ring Λ must have order p in Br(Λ).
Our results contradict Theorem 4.9 of [FFGR] , which says that the order of Λ in Br(R) must be either 1 or 2, and that, consequently, an indecomposable Gorenstein module of rank > 1 must have even rank. (The error in the proof of [FFGR, (4.9) ] seems to be in the second displayed isomorphism on page 210 of [FFGR] : One needs instead 
. Then A is the fixed ring of the k-automorphism of B that multiplies each variable by ζ r = primitive r th root of unity. We see that A is a complete local normal domain of dimension 2. By Heitmann's theorem [Hei] there is a local unique factorization domain (R, m) = (R r , m) such that R = A. We will show that R r has an indecomposable Gorenstein module of rank r if r is odd and of rank r/2 if r is even.
The divisor class group of A r . We need to compute the divisor class group of A r and identify the canonical module. Computations of this sort occur often in the literature, e.g., [F] , [Her] , [Wa1] , [Wa2], [We2] . Here, following [Her] , we will give a direct argument, which has the feature of identifying all of the indecomposable reflexive modules. The trick is to decompose B as an A-module. We have B = A⊕J 1 ⊕· · ·⊕J r−1 , where J i is the A-submodule of B generated by the monomials of degree i in X and Y . Let I = (X r , X r−1 Y ), the ideal of A generated by X r and X r−1 Y . Then J i ∼ = I i for i = 1, . . . , r − 1. Thus we have the decomposition
Since depth(B) = 2 each I i is a divisorial ideal of A and therefore an indecomposable reflexive (= maximal Cohen-Macaulay) A-module. Following [Her] , we will show that these divisorial ideals form a complete set of representatives for the indecomposable reflexive Amodules. Write V | W to indicate that the A-module V is isomorphic to a direct summand of W . Suppose M is an indecomposable finitely generated reflexive A-module.
* * is a B-module of depth 2 and is therefore B-free. By the Krull-Schmidt theorem (for finitely generated modules over the complete ring A), M must be isomorphic to one of the I i . Since µ A (I i ) = i + 1 for 0 ≤ i ≤ r − 1 (where µ = number of generators), the divisorial ideals I i are pairwise non-isomorphic. Thus we have the following result: Next we identify the canonical module of A r .
Proposition 2. The canonical module ω r of the complete local ring A r is the ideal I r−2 . In particular, µ A r (ω r ) = r − 1. Moreover, the order of [ω r ] in Cl(A r ) is r if r is odd and r/2 if r is even. ] has the order indicated. Since ω r must be isomorphic to one of the ideals I i , 0 ≤ i ≤ r − 1, it will suffice to show that µ A r (ω r ) = r − 1. Let C = A r /(X r , Y r ), and let n be the maximal ideal of C. We have µ A r (ω r ) = µ C (ω r /(X r , Y r )ω r ), which is the k-dimension of the socle of C. (See [BH, §3.3] .) But n 2 = 0, so n is the socle, and we have µ A r (ω r ) = dim k (n) = r − 1.
Recall [B, Chap.VII, §4.7 ] that if S is a normal Noetherian domain one can associate to each finitely generated S-module M a divisor class [M] ∈ Cl(S) in such a way that The following result is a slight reformulation of [We1, (1.5)]:
Proposition 3. Let (S, m S ) be a local Noetherian ring of dimension two whose m S -adic completion T is a normal domain, and let N be a finitely generated torsion-free T -module. Then N is extended from S (that is, there is an S-module M-necessarily finitely generated and torsion-free-such that
and only if [N ] is in the image of the natural map Φ : Cl(S) → Cl(T ).
Proof. Suppose N is extended, say, N ∼ = T ⊗ S M. By faithful flatness, M is finitely generated and torsion-free. By Bourbaki's theorem [B, chap. VII, $4.9, Thm.6] there is an exact sequence
in which F is a free S-module and J is an ideal of S. Tensoring (1.1) with T and using properties (1) and (2), we see that
* * where the latter duals are computed over S.
For the converse, choose a Bourbaki sequence
. This is a T -module of finite length and is therefore a finitely generated S-module. Now
since Hom S (L, V ) has finite length. In other words, the quotient map L * * ։ V is extended from an S-homomorphism f : D → V . Putting J := Ker(f), we see that
Let F be a free S-module such that T ⊗ S F ∼ = G. The exact sequence in (1.2) represents an element of Ext F ) has finite length. In other words, the exact sequence in (1.2) is actually extended from an exact sequence of S-modules as in (1.1). It follows that N ∼ = T ⊗ S M.
The hypothesis that M be torsion-free cannot be omitted. For example, in our ring T := A 2 the ideal I is not extended from S = R 2 . Therefore M := I ⊕ A/I cannot be extended either, even though [M] = 0 in Cl(T ).
Returning to our examples, we fix an arbitrary positive integer s. Put r = s if s is odd; and if s is even put r = 2s. Let A = A r , and let ω = ω r , the canonical module of A. We know that [ω] has order s in Cl(A). Since R = R r is a unique factorization domain (whence Cl(R) = 0), Proposition 3 implies that the direct sum c · ω of c copies of ω is extended from R if and only if c is a multiple of s. Therefore R has an indecomposable Gorenstein module of rank s.
Suppose now that s is prime. The order of Λ := End(G) divides s by [KO, Chap. IV, (6.1)]; and by [FFGR, (4.1) ] Λ must be non-trivial in Br(R). Therefore Λ has order s in Br(R).
We conclude on a positive note.
Proposition 4. Let (R, m, k) be a local ring with a Gorenstein module G of rank 2. Suppose char(k) = 2 and the group R
• of units of R is 2-divisible. Then R has a canonical module.
Proof. We consider the splitting ring S, constructed in [AG, (6. 3)], for the Azumaya algebra Λ := End R (G). This splitting ring is free of rank 2 as an R-module and is constructed as follows: Since [Λ] is in the kernel of the canonical map Br(R) → Br(k), we can identify Λ/mΛ with the ring of 2 × 2 matrices over k. Then S = R[β], where β ∈ Λ is a preimage of ∈ R • . It follows that S = R[γ]. Moreover, since S is a free R-module (with basis 1 and γ) the division algorithm shows that S ∼ = R[X]/(X 2 − c). Since c is a square in R (as R • is 2-divisible), S ∼ = R × R. It follows that Λ already splits over R, and by [FFGR, Theorem 4.1 (4) ] R has a canonical module.
Remark. One can obtain the canonical module explicitly as the fixed module of the ordertwo automorphism of G : x → 1 √ c γ(x).
